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ABSTRACT 

We give two generalizations of a theorem of H. H. Corson and J. 
Lindenstrauss concerning LindelSf property in spaces of functions vanishing 
at infinity. 

The aim of this paper is to prove the following two theorems (terminology 

and notations are explained below): 

THEOREM 1. I f  X is pseudometrizable, locally separable and Y an No-space 

equipped with its fine uniformity, then every subset A of Co(X, Y), invariant 

under projections, is a Lindel6f space for the topology of uniform convergence 

on members of any Morita decomposition of X .  

THEOREM 2. I f  X is any pseudometrizabIe space and Y an No-space , then 

every subspace A of Co(X, Y), invariant under projections, is a Lindel6f space 

for the topology of pointwise convergence. 

which generalize [2, 2.5]. Theorem 1 implies that a subset of C0(F), F a discrete 

space, invariant under projections is a LindelSf space for the topology of uni- 

form convergence on disjoint countable subsets of F .  It improves [1, Proposition 

3] by showing that the a-product of No-spaces is a LindelSf space for a topology 

finer than the product topology. We note that the difference between Theorem 2 

and Theorem 1 is not so large as it appears formally. For, a theorem of J. R. 

Isbell, [3, 8.4], asserts that X \ f - l ( 0 )  is locally compact for f e C o ( X , Y  ). 

Therefore Co(X, Y) is reduced to a point whenever no point of X has a compact 

neighborhood. The difficulty concerning general X's is in working with the 
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topology of  Co(X, Y) as well as with the restrictions of functions in Co(X, Y) (see 

the proof  of Theorem 2). Now we explain our terminology and notations: 

NOTATIONS. We shall denote by 

Co(X, Y) the set of all mappings X ~ Y having as limit at infinity a given 

point 0 e Y. 
w(X) the weight of  the topological space X = minimum cardinal of  a basis 

of  the topology of  X .  

de(X) the density character of the topological space X = minimum cardinal 

of  a dense subset. 

be(X) the basis character of the uniform space X -- minimum cardinal of a 

basis of  the uniformity of  X .  

W(K1, . . - ,K, ;  U1, "-,  U,) the set of all mappings f in a given set A such that 

f(K,) ~ U, for all i = 1,. . . ,  n. 

AlE the set { f l~[ feA}  for any set A of mappings. 

TERMINOLOGY. A ~_ Co(X, Y) is invariant under projections means that for 

f e  A and U _ X clopen ( =  closed and open) and separable, A contains the map 

which agrees w i t h f  on U and is 0 on X / U. By Morita decomposition of  a lo- 

cally separable, pseudometrizable space X we understand a decomposition of 

X made of  separable, disjoint, clopen subsets (whose existence is given by a well 

known theorem of K. Morita). According to [4], an No-space is a regular space 

X with a countable ~ _~ N(X), called pseudobase, such that for every compact 

K ~ X and every open U _~ X containing K ,  there is P e ~ such that K ~ P _~ U. 

An No-space is completely regular, hence uniformizable, since it is Lindel0f. 

The fine uniformity is the finest compatible uniformity. 

The proof  of Theorem 2 is based on Theorem 1, while the proof  of Theorem 1 

is based on the following two lemmas and is among the longest of  General 

Topology to the author's knowledge. 

LEMMA 1. Let X be a pseudometrizable space, Y an No-space, and 

H ~_ Co(X,Y). I f  q[ is any collection of subsets of H of the form 

W(K1,...,K~; U1,...,Uk) with k e Z  +, K1,...,Kk compact subsets of IX and 

U1,...,Uk open neighborhoods of O, then there is a countable q/o ~- qZ such 

that d w ~ o  U =  d v ~ u .  

PROOF. Case 1. de(X) <= 2 s° . Since X is paracompact, there is a sequence 

(~,),~=1 of  locally finite open coverings of  X such that, for each n e Z  + , ~ .  

refines the collection of all open balls, in a fixed pseudometric d for X ,  of  radius 
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1In. Since ,~/',~ is locally finite and dc(X)< 2 ~°, Card($/ 'n)< 2 s° and hence 

there is an injection ¢,:  ¢/~, ~ R (n ~Z+) .  Let {P,, I m ~ N} be a countable pseudo- 

base for Y stable with respect to finite unions, with Po = Y. Let ~ be a countable 

base for the topology of R. For every n,k e Z + , every finite pairwise disjoint 

family B = (B1,..-,Bk) 6 Mk and every m = (ml, . . . ,  mk) e N k, define 

W(n,k ,m,B)  = { f ~ H I  i~{1 , . . . , k} ,  V~F ' ,  and (o , (V)cBi~ f (V)  ~ Pm~}. 

Note that W(n,k,m,B) may be empty. Clearly the collection CK of all 

W(n, k, m, B)'s is countable, so that it is a subbase for a 2rid countable topology 

z on H .  Consequently, to prove our lemma it is enough to show that for every 

f e l l ,  every compact K ~ X and every open neighborhood U of 0 such that 

f s  W(K, U), there is a "c-open set Wsuch t h a t f ~  W ~ W(K, U)--since this means 

that z is finer than the topology having as subbase the sets W(K, U) with K _q X 

compact and U open neighborhood of 0. Choose then f e l l ,  a compact K __ X 

and an open neighborhood U of 0 such that f e  W(K, U). Since Y is regular, 

there is a closed neighborhood U' of 0 contained in U. Sincef vanishes at infinity, 

there is a compact K '  __c X such t h a t f ( X  \K ' )  _ U' .  Sincef(X) u {0} is a com- 

pact subset of Y, C = U' t3 ( f (X)  W {0}) is a compact subset of Y. Hence there 

is Pmo such that 

f ( X  \K ' )  ~_ C ~_ Pmo ~-- U. 

Since Y is normal (being Lindel6f), there is a closed neighborhood U" o f f ( K )  

contained in U. Since f - t (U" )  is a neighborhood of K and K compact, there 

is n e Z  + such that St(K, ~//~,) _ f - l ( U " ) .  Since a locally finite family in a com- 

pact space is finite, the set 

is finite. Put {V 1, ..-, Vk} =¢/~,* with V / ¢  Vj for i ~ j .  Since ¢,(V/) ~ ¢,(Vi) 

for i ~ j ,  there is a pairwise disjoint family B = (B~, . . . ,Bk)e~ k such that 

~b,(V~) e B~ for every i. Suppose ~ n K ~ ~ .  Since f (X)  W {0} is compact, 

f(V~) is compact. Since f(V~) _ U" and U" is closed, ](Vi) is a compact subset 

of  U, so that there is P,,~ such that 

f(V~) _~ p,o _~ V (V/NK ~ ~ ) .  

If  V / n K = ~ , t h e n p u t  m ° = 0 ,  i.e. P o = Po = Y. Define m i  

p,,~ = p,,o Up, ,  ° (i = 1, . . . ,k)  
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and m = ( m i , ' " , m k ) e N  k. Then clearly W ( n , k , m , B ) ~  W(K,B). To prove 

that f e W ( n , k , m , B ) ,  suppose that ¢,(V)eB~ for VeY/ ,  and i e { 1 , . . . , k } .  If 

Ve ~ , * ,  then f (V)  __= Pro, by construction. I f  V¢ "//',*, then V ~ X \ K ' ,  so that 

f (V)  G f ( X  \K')  ~ Pmo ~ Pro," 

Case 2. General case. Suppose that there is no countable "//" _~ q / such  that 

F e f  

Let f~ be the first uncountable ordinal. Since for every e < f~ the set {p < fl I fl < c~} 

is countable, by our hypothesis we can construct inductively a family (q/~)~<n 

of  countable subsets of  o~ such that, for each c~, q/~ __c q/~+l and 

U v ,  U v .  
U ~. qtt~,p<~ U ~q/~ 

Suppose q/, = For every c~ and n,  there are compact subsets 

"'" K ~'" of  X and open neighborhoods . . . . . .  .. U1 , ..., Uk(,,.) of  0 such that K~ , ., k(~,.) 

U. = W(K1 , "",Kk~ .); U1 , "", Ukl~,.)). 

ot , t l  ~ -  Put Z = U ~,.(K]'". x .-- x Kk,~,.)). Clearly dc(Z) _<_ N1 < 2~° and 

{ f l z l fG Co(X, Y)} _ Co(Z, Y). Therefore, by Case 1, the set 

= {{sl lf v:}l  <a,  

has a countable subset ~ such that U v ~ V =  U v ~ + . u .  To each Ve$  ~ 

there correspond C~v<f~ and n v e Z  + such that V =  { f l z l f e  ~v U,v } . Since 

~" is countable, there is ~ < f~ such that cc > av for all V e ~ .  But then 

U U v=_ U v, 

a contradiction, q.e.d. 

The following lemma is well known for locally compact spaces X .  

LEMMA 2. Let X be an arbitrary topological space, Y a uniform space, 

and H the set of all maps X ~ Y having a limit at infinity. I f  H is equipped 

with the topology of uniform convergence on X ,  then 

w(H) < w(X) " dc(Y)" bc(Y) 

provided that at least one of the later cardinals is infinite. 

PROOF. Since the uniformity of uniform convergence has basis character 

< bc(Y), it is enough to prove that dc(H) < w(X)" dc(Y).bc(g).  With this 
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in mind, let ~ be a basis of X with cardinal equal to w(X), E a dense subset of 

Y with cardinal equal to dc(Y), and ~¢/" a basis of the uniformity of Y made 

of open symmetric entourages with cardinal equal to bc(Y). For every n e Z + , 

every B = (B1, . . . ,B,)e~",  every y = (Yt," ' ,Y,+t) eE"+l, and every We~¢~, 

define: 

(i) f(n,y):X ~ Y to be constantly Yi on B~ \ U j - ~ n j  (i = 1 , . . . ,n) ,  and 

Y,+I outside B 1 U ... tdB, .  

(ii) g~B,y,W) as an element of 

H n {g[ g: X ~ Y, (g(x),f(B.,)(X)) e W (x e X)} 

whenever this intersection is not empty. 

Now choose f e l l  and We"///'. Let Ys be a limit at infinity o f f ,  and W' e 7//" 

such that W' o W' __ W. There is a compact K _~ X such tha t f (X  \ K) c__ W'[yy]. 
Since f is continuous and {W' [y ] ]yeE}  is an open cover of Y, there is 

B = (B1,. .- ,B.)e N" such that K _~ B 1 u . . .  u B,,  and every B i is contained 

in some f - l (W ' [y] )  with y e E .  Define y = ( y x , . . . , y , + l ) e E  "+x by 

B~ ~_f-l(W'[yi] ) (i = 1, . . . ,n)  and y , + ~ e E n  W'[yf] .  Then clearly 

(T(x),f(B,r)(X)) e W (x e X),  

so that g(~,y,w) is defined and 

(f(x), g(B,r,w)(X)) e W o W (x e X).  

Consequently the family of all maps of the form g(n,r~w) is dense in H .  Since this 

family is indexed by a subset of 

the lemma is proved, q.e.d. 

PROOF OF THEOREM 1. 

x E"+~)) x ";4 z, 

Since an N0-space is embeddable into a Cp(M) with 

M separable metric by [4], Y is submetrizable, i.e. its topology is finer than a 

metrizable topology. Let d be a metric for Y whose topology is less fine than the 

topology of Y. Suppose X is the topological sum of the family (X~)~ ~ r of separ- 

able subspaces of X ,  i.e. suppose (Xy)r ~ r is a Morita decomposition of X .  By 

Lemma 2, there is a countable subset H~ of  Co(Xr, Y) which is dense for the 

topology of uniform convergence with respect to (Y, d). Let )?r be the completion 

of X~ for the weak uniformity #r induced on Xr by H~ as set of mappings X --* (Y, d). 

Sincef(X~) is compact for a l l f e  Co(X~, Y), p~ is precompact. Since H~ is countable, 
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/~r is pseudometrizable. Therefore )~r is a compact pseudometric space. Let 

f e  Co(X~,, Y). Since f is uniform limit, with respect to (Y,d), of  members of  

H~, f:pyX~ ~ (IT, d) is uniformly continuous. But (Y, d) induces on the compact 

space f(X~) its unique compatible uniformity. Therefore f has a conti- 

nuous extension f :  J?~ -*I(X,) c_ y. Let )~ be the topological sum of (j?r), ~ r: 

J? is a locally compact, pseudometrizable space. To each f e Co(X, Y) we associate 

the map f :  J? ~ Ywhich agrees on J?r w i t h / I  x,.  In order to show t h a t f e  C0(J?, Y) 

choose a closed neighborhood U of 0 in Y. There is a compact K __ X such 

that f (X  \ K) ~_ U. Since the topology induced on X by )~ is less fine than the 

topology of X because of the continuity of members of all Co(X~, Y)'s, K is a 

compact subset of  )~. Hence the closure R of K in 37 is again compact. Choose 

x e J7 \ R .  There is a sequence (x,)~= 1 in X converging to x in )7. Since J? \ R 

is a neighborhood of x in ?7, there is an no such that x, e J? \ R (n > no). There- 

fore f(x,) ~ U, and lim,f(x,)  e U because of the closedness of U.  Then the con- 

tinuity offimpliesf(x) e U. This shows that f--~-+fis a map ~:  Co(X, Y)--+ Co(j?, Y). 

Obviously ~(Co(X, Y)) is invariant under projections, and q) is a homeomor- 

phism into when Co(X, Y) is equipped with the topology of uniform convergence 

on the Xr's, and C0(J?, Y) with the topology z of  uniform convergence on the 

J?r's. Therefore we have to prove that any subset of Co(J?, Y) which is invariant 

under projections is a LindelSf space with the topology induced by -c. Fix 

A ~_ Co(J?,Y) invariant under projections. Clearly the topology of any 

Co(j?~, Y) of uniform convergence on J?r is the compact-open topology. There- 

fore (the J?r's being 2-2 disjoint) a basis for z is given by all sets of  the form 

W(Kx,...,K,;U1,...,U,) with neZ+,U1,...,U, open subsets of  Y and 

K 1 , ' " , K ,  compact subsets of  J? such that 

(,) K, L # ;a => K, =_ L (i = 1 , . . . , , ) .  

Therefore it is enough to show that every cover of A made of sets of  this form 

has a countable subcover. Let oR be such a cover. Let F '  __c F be countable, 

and X '  = I_Ir~ r' J?r (here and below, ]_[ denotes topological sum). By [4, (J)], 

Co(X', Y) is an No-space: let N be a countable pseudobase for Co(X', I1). For 

each P e N, let qge be the set of all U = W(K,, ..., K,; U,, ..., U,) e ~ such that 

U Ix' ~ P and 0 e U, whenever K, r~ X'  = ~ .  By Lemma 1, there is a countable 

q/~ __. % such that 

U, = U vl ,x 
O ¢ ~ p  U ~ ,  
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Put 

U<', U<'. 
P ~  P~# 

Let as show that U = U rfj  U then there is V 

such t h a t f ~  U. Since ~ is a pseudobase for Co(X', Y), there is P c  ~ such that 

f[x, eP ~- UIx,. There is U ' =  W(K,, . . . ,K,;U,, . . . ,U,)e~;, such that 

f l~ \x ,~  U' ]~c\x,. Hence f(Ki) ~- Ui whenever KichX' = ~ .  If  KirhX # ~j, 
then K i __ X'  by ( . ) .  Since P ~ U']x,, f(Ki) ~ Ui whenever K i ~ X '  # ~2~. 

Therefore f e  U' ,  and so U v ~ ~Uo U = U v ~ ou, u .  Now we are ready to conclude 

like in the original proof of [2, 2.1]. It follows from the preceding argument 

that we can construct inductively a sequence (F,),~o of countable subsets of F 

and a sequence (Y/,),~o of countable subsets of q/ such that, for every n eN: 
(i) r .  _ r , + l .  

(ii) U v ~,1, u ._2 w whenever W = W(KI,..., K,; U1,'", U,) ~ 9l and 0 e Ui 

(iii) W(K,, . . . ,K, ;  U, , . . . ,  U,) e u/Z, => K,  tJ . . .  t.s K.  _ I_I~r°  7~. 

Let F~ = U.=oC° F, .  Choose f e A .  Since A is invariant under projections, 

A contains the map fo which agrees with f on [ I  ~ ~roo )~ and is 0 otherwise. 

Therefore there is U = W(K,, -.., K, ;  U,,..., U,) ~ W such thatfo e U. By (i), there is 

no~N such that K i N  I_I~roo~?~ # ~ whenever K, n L [ ~ 2 ~ #  ~. 
If  K , n  H ~ r , o ) ~ = E / ,  then K i n I - X r ~ r ~ X r = ~ ,  so that 0 e U , .  Thus 

- U u ,  u . . . .  • , (ii) implies u ~ v, ~ q/,,o : let = W(K~,.. , K,,,, U~, .., U,,) ~ ql, o be 

such that f o~U ' .  By (iii), K'lW. . .UK" _~ L[ r~r~)~r ,  so that f(K~)~_U' 
(i = 1 , . . . ,m) ,  and f a  U' .  Therefore U~=oq / ,  is a countable subcover of q~J 

q.e.d. 

PROOF OF THEOREM 2. By [3, 8.4], 

Uy = X \ f - ' ( 0 )  

is locally compact for every f ~  Co(X, Y). Therefore Z = U f ~ co(x,n u~. is an 

open, locally compact subspace of X ,  and a l l f ~  Co(X, Y) are 0 on X / Z .  If  U 

is an open neighborhood of 0 in Y and f ~  Co(X, Y), then f-X(Y \ U) is a closed 

subset of X contained in a compact set as well as in Z.  Thus 

n = { f l z l f e C o ( X , y ) }  

is contained in Co(Z, Y). Let us show that H is invariant under projections. 

Let A be a clopen subset of Z and f e l l ,  w i t h f  = / I z  f o r f e  Co(X, Y). Letfo be 
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the map Z ~ Y which agrees with f on A and is 0 on Z \ A.  Let g be the map 

X ~ Y which agrees with fo on Z and is 0 on X \ Z .  Since g is an extension 

o f f  o, in order to prove that f0 ~ H it is enough to show that  g is continuous, 

since then g e Co(X, Y) .  To prove the continuity of  g ,  we have only to prove 

its continuity on the frontier OZ of  Z in X. Fix x ~ 8Z.  We have only to prove 

that  x,  ~ Z and lim, x, = x imply lim, g(x,) = 0. Suppose not,  and argue for 
X oo x oo of  ( ,).=1 and an open a contradiction. There are then a subsequence ( ,k)k= 1 

neighborhood U of  0 in Y such that  g(x,k)q~ U for all k .  Consequently 

g(x.k) = f (x ,~) .  But then limkJ~X,~) ~ U,  which is impossible since limkf(X,,~) = 

f ( x )  = 0. Therefore g is continuous, and H invariant under projections. Then 

H ,  equipped with the topology of pointwise convergence, is a LindeliSf space 

by Theorem 1. Since f ( x )  = 0 for x ~ Z and f ~  Co(X, Y), Co(X, Y) is a Lindel6f 

space for the topology of  pointwise convergence, q.e.d. 
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